
Quot ient Groups a n d

Homomorphism Th e o r em s

( S e c t i o n 2 . 7 )

Reca l l : I f G , H a r e g roups ,

Q : G - 7 I t i s a homomorphism,

t h e n K e r l e )
0 6 . W e k n o w

t h a t t he converse i s t r ue ,

b u t h o w t o prove i t ?

T h e quotient group construction

gives u s exac t l y t h e t a r g e t

w e need!



theorem: (quotient group
construction)

L e t 6 be a g r o u p , H O G .

Consider 6/4 to b e

the l e f t cosets o f I t i n 6 ,

u n d e r t h e mu l t ip l i ca t ion

(x H) . ( g i t ) - x y l t

h t x , y
C- G . T h e n

G) I t i s a group.

Proof" Only o n e thing t o re a l l y c h e c k :

i s t h i s operation
well-defined?



w h a t t h i s m e a n s :

suppose

× , I t = x . H

a n d g , H
= y a H .

I s i t t h e c a s e t h a t

x . y , H
= ↳ Y a H ?

T o s e e t h a t t h i s i s t h e case ,

u s e t h e proposition f rom l a s t

c l a s s : x , y , H = 42921T

i f a n d only i f

Kaya-'xiy, E H .



B u t w e k n o w

× , H
= X , H ,

s o

XI' x , E H .

42925' X , Y ,

= YI' t.fi 9 1

We a l s o k n o w

y , H
= 9 2 I t , s o

y ,
52'

= K E I

T h e n y j ' s yi' k ,
s o



1×2425'xis,

= y j ' XI' X i Y i
f t

=@i' k) XI'x, b i

=y i ' ( k X I ' x , ) y,
FATH

w e k n o w t h a t H E 6 ⇒

k XI'x, E H .

since I t i s normal
,

u

k n o w

y',' H y , = I t



T h e r e f o r e ,

42425'x,y, =yi' (kxixily, Egitty,'-It,

a n d s o

X2Y2H = X i y , H .
✓

N ow check t h e r e s t o f t h e

group axioms!

1 ) I d e n t i t y o f 6/4 i s H=eH,

since i t x E G ,

× H - H = x H - E H

= ( x . e ) H E X I T .



s imi la r 's , H . ( x A ) E x i t ,

s o w e have t h a t e l f = H

i s t h e identity o f 6 / 4 .

2 ) I n v e r s e o f x H i n 61A is

X-'H , since

HH)-(x. ' H I - e x " ) H

= e H = H .

Simi la r ly,

4-' A ) ( H t t = I t . s o

(xH5's x .'H .



3 ) associativity : l e t × , y, zeG .

x H - (yH.zH)

=xH(y-z H )

= x (g.z ) H

= day).-2 I t (associativity i n G)

= key) H
- 2-I t

= (x.H-SH)-EH ✓

S o 6th i s a group! A



( 0 µ s ' - (no rma l subgroups a r e kernels)

L e t 6 be a g ro up , HOG .

T h e n I a group
K and

a homomorphism Q : G - 7 K

w i t h kerCh=H@

proofs. L e t 4 =6 / 4 . Define

a : b → K

c l a n = x H .

I f y e G , t h e n



@( x . g ) = (x. g ) H

= (x H ) - ( ya )

= e m . ce ly )

s o 6 i s a
homomorphism!

B y the proposition from l a s t

c l a s s , x t k e - l e t {yEGlely¥)

i f a n d only i f X H = I t
,
i . e . ,

X E H .

Therefore, Ke r ke l -H .

D


